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Transition to a nonrelativistic Pauli equation in Riemann space of constant positive curva- 
ture for a Dirac particle in presence of the Coulomb field is performed in the system of radial 
' equations, exact solutions are constructed in terms of Hein functions, the energy spectrum 

is derived. The same is done for the Kepler quantum problem in hyperbolic Lobachevsky 
\ space, solutions are constructed in terms of Hein functions, the energy spectrum is obtained. 

OO ■ PACS number: 02.30.Gp, 02.40.Ky, 03.65Ge, 04.62. +v 

i-^ . Introduction 
Ph. 

■ Quantum mechanics had been started with the theory of the hydrogen atom, so considering 

the Quantum mechanics in Riemannian spaces it is first natural step to turn to just this system. 
A common quantum-mechanical hydrogen atom model is based materially on the assumption of 
. the Euclidean character of the physical 3-space geometry. In this context, natural questions arise: 

' what in such a model description is determined by this assumption, and which changes will be 

. entailed by allowing for other spatial geometries: for instance. Lobachevsky's H3, Riemann's 

O I 5*3, or de Sitter geometry. The question is of fundamental significance, even beyond its possible 

experimental testing. 

Firstly, the hydrogen atom in 3-dimensional space of constant positive curvature 6*3 was con- 
^ ■ sidered by Schrodinger He had been studied the so-called factorization method in quantum 

mechanics; in particular, application of this techniques to discrete part of the energy spectrum 
for hydrogen atom had been elaborated. An idea was to modify the basic atom system so as to 
cover all the energy spectrum including the region E > as well. However, mere placing of the 
atom system inside a finite box in order to make the whole energy spectrum discrete did not seem 
attractive, so Schrodinger had placed the atom into the curved background of the Riemann space 
model 5*3. Due its compactness, the spherical Riemann model may simulate the effect of the finite 



box - see Schrodinger |]| and Stevenson P]. 
In spherical coordinates of 53 



dl'^ = dx^ + sin^ x{d9'^ + sin^ dcp^) 



2 



the Shchrodinger Hamiltonian in dimensionless units has the form 



H 



2 ^ ^ 5a;" tan x ' 

/9 is a curvature radius, a unite for length; M is a mass of the electron; T)?' /Mp^ is taken as a unit 
for energy; e = stands for a Coulomb interaction constant; the sign at e/tan x corresponds 

to the attracting Coulomb force. The energy spectrum is entire discrete and given by 



e2 I 

en = + - (n^ - 1) , n = 1, 2, 3, ... 

Hydrogen atom in the Lobachevsky space was considered firstly by Infeld and Shild 



a 



H 



dl^ = dx + cosh^xidO + sin^ dcj) 

I I d o d e 
= ^^9 g 



2 ^ dx'^ ^ tanh x 

Energy spectrum contains a discrete and continuous parts. The number of discrete levels is finite, 
they are specified by 

"2 ,1 



— < e < (- - e) 
2 - - ^2 ^ 



e 

2^ 



1 



in 



1) 



n 



1,2,3,..., TV . 



In the region e > — e) the energy spectrum is continuous. 

Thus, the models of the hydrogen atom in Euclid, Riemann, and Lobachevsky spaces sig- 
nificantly differ from each other, which is the result of differences in three spatial geometries: 
i?3, H-^, S3. To present time, we see a plenty of investigations on this matter: 

Higgs [J], Leemon |5j], Kurochkin - Otchik [^], Bogush - Kurochkin - Otchik fl, Parker fl, 0, 

12l ] , Grinberg - Maranon 

Vucetich [131], Bogush - Otchik - Red'kov [jj], Bessis - Bessis - Shamseddine Q , Q , Q, 
Chondming - Dianyan 



Ringwood - Devreese [lO( , Kobayshi [111] , Bessis - Bessis - Shamseddine 
Q, Bogush - Otchik - Red'kov Q, 

18 1, Xu - Xu Qi^elnikov - Shikin Q, Shamseddine [2l|, Otchik 
Barut - Inomata - Junker [23], Bessis - Bessis - Roux 2j], Bogush - Otchik 



Red'kov 
rled'kov 



3, 



Gorbatsievich - Priebe 



0, Groshe Q 



Groshe [27[, Barut - Inomata - Junker 



29( 1. Chernikov 30|, Mardoyan - Sisakyan 31[, Granovskii - Zhedanov - Lutsenko 13211 . Kozlov 



Otchik l40|, Kurochkin - Otchik - Shoukavy 

Ti n " 

Red'kov \43, Bessis - Bessis 4J, Iwai 



Harin [33(, Vinitskii - Marfoyan - Pogosyan - Sisakyan - Strizh [3j], Shamseddine 

gosyan Q, Red'kov 



Katayama 



35j, Bogush 



39l | , B ogush - Kurochkin 



4l[ |. Kurochkin 



45l |. Cohen - Powers |46l |. 



Shoukavy 



4a], Bogush - Otchik 
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1. Separation of the variables for Dirac equation in curved models 



Let us consider procedure of separation of the variables in the Dirac equation on the background 
of curved model, fir definiteness using a spherical Riemann model 5*3, a diagonal tetrad is taken in 
the form 



2 ji2\ 



dS^ = df - dx^ - sin^ xide"^ + sin 
efo) = (1,0,0,0) , efg) = (0,1,0,0) , 
e^i) = (0,0,sin-ix,0) , efs) = (0, 0, 0, sin^i x sm^' ^) • 



Generally covariant Dirac equation 



^ = 



takes the form 



tan x) 

where an angular operator T,g ^ is defined by 



smx 



^ = 



id + i j^^ cos ( 



Allowing for 



eq. ([3]) is simplified 



tan X 



7 



tan X 



sm ( 



smx 



^' = . 



= e 



-let 



(1) 



(2) 



(3) 



(4) 



d_ 

dx sin X 

To diagonalize operators idt,J^,J3, one takes the wave function in the form [47|, [48|] 

flix) ^-1/2 
f2{x) D+i/2 

hix) D_i/2 

where Wigner functions are noted as = D-^_^ ^{(p, 9, 0). After separation of the variables we get 



(5) 



four radial equations (let = j + 1/2) : 

e/s - i-j-f3 - i^^fi - mfi = 
dx sm X 

d 



e/4 + i^f^i + i^^h - mf2 = , 
dx sm X 

d 



e/i + i-rfi + /2 - W3 = , e/2 - i—f2 - i- /i - mfi = 



dx 



smx 



dx 



smx 



(6) 
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In spherical tetrad, the space reflection operator is given by 



n 



sph. 



-1 
0-10 
0-100 
-10 



p 



From eigenvalues equations Hsph. '^jm = n ^jm we obtain 

n = 5 i-iy+\ 5 = ±1, fA= Sfi, fz= 5f2, 



(7) 



which simplifies 



In terms of new functions 



the above system reads 



e/i + i-^h + i^^f2 - Smf2 = , 
ax sm X 

e/2 - i-rh - i^^h - ^rnfi = . 
dx sm X 



r fi + f2 fi- /2 

/ = 7^ , 9 = 



V2 



V2 ' 



i^ + -^)f+{e + 6m)g = 0, (± - J^) g - (e - 6m) f = 
dx smx dx smx 



(8) 



(9) 



2. Pauli equation for Kepler problem, flat Minkowski space 



Let us consider the problem of spinor spherical waves in Pauli approximation. It is convenient 
to start with the radial system for a free particle case. As a first step, one should separate the rest 
energy - for this it is enough to make a formal replacement e =^ e + m: 



(-7- + - )/ + {e + m + 8m)g = 0, 
dr r 

{- -)g - {e + m- Sm)f = 0. 

dr r 



(10) 



States with opposite parity are specified by 
S = +l, 



{-^ + - )f + (.e + 2m)g = 0, - ^ ) g - e f = ; 

dr r dr r 



(11) 



-1, i^ + -)f + eg 
dr r 



'dr r 



g - {e + 2m) f = . 



(12) 
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With additional assumption e + 2m ~ 2m, in each case one gets radial Pauli equation for a big 
component: 



6 = +l, f»g 
5 = -l, 



+ 



) / + 2me / = ; 



— V , 



g + 2me g = . 



Corresponding 2-component nonrelativistic spherical functions with different parity are 



V'jm,(5=+1 — 



fir) D_y^ 
fir) ^+1/2 



V'jm,(5=— 1 



ig (r) L»„i/2 
-ig (r) 



(13) 



(14) 



To obtain equation in presence of the Coulomb field, it is enough to make a formal replacement 
e ^ e + a/r in pU]) : 

(:f - -)5 - + - - 5m)/ = 0. 
ar r r 

After separating the rest energy, for states with different parities we get 

<5 = +l, i-^ + -)f + (- + 2m)5 = 0, 
ar r r 

, d 1/ . , a. „ 

i-. 5- e + - / = 0; 

dr r r 



(15) 



(16) 



dr 

(- 

^dr 



d , „ , a. 

+ - ) f + ie + -) g 



r 

-)<> 

r 



0, 



- + 2m) f = 
r 



(17) 



To derive the Pauli equation with known structure, one must impose additional restriction 

a 

e H h 2m ~ 2m 

r 

which means in fact that Pauli description cannot be goof enough in the region close to the origin 
r = where a source of the Coulomb field is located. Thus, we obtain 

d 



-1 



-1 



i^ + -)f + 2mg 
dr r 







( 



dr 



r r 







, d s „ , , d u ^ 

h- + - / + ^ + -^ = 0' il )g-2mf=0 

dr r r dr r 



Respective radial equations for big components are 

cPf fv{v + '^) '2.ma 



5 = +l , 
5 = -I, 



dr"^ 
dr"^ 



2me / = ; 



vii^ — 1) 2ma 



2me ] g = 



(18) 
(19) 

(20) 
(21) 
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two last equations can be related by the formal change v =^ v — 1. 



From (I20p . introducing a new variable x = 2-v/— 2mer, one gets 



^XJ- ^T-^ + T-W-TT / = 0. (22) 



dx"^ \ X 4 V 2e 

Searching solutions in the form / = x^e~'^^ F, one derives 



d^F , ^ ^ .dF fA{A-l) _9 + x /ItTN 

At special choice of A and C (underlined values correspond to bound states) 

A = -v, l + v , C = -l/2, +l/2 

we simplify the problem 

d'^F , ^ dF / ^ 

+ (2^-^)^-M-aJ-- F = 0. (23) 



dx"^ dx \ V 2e 

It is a confluent hypergeometric equation with parameters 



a = A - aJ -— , c = 2A. 
y ^6 

Making series a polynomial in usual way: a = —n , n = 0, 1, 2..., one obtains the energy quantiza- 
tion rule (remembering i' = j + 1/2) 

j m ma^ . ^, 

l + v-a\ = -n e = ^ rrr . (24) 

V 2e 2(n + z^ + l)2 



Turning to eq. (j2ip . by means of the formal replacement v =^ — 1, we get 

I m ma^ . . 

z^ — a.>/ = — n =^ e = 777. (25) 

V 2e 2(n + z^)2 

3. Pauli equation for Kepler problem in spherical space 

In the spherical model, again let us start with free radial equations (compare with (|lip . (jl2p ) 

5 = +l, (i- + _!^)/ + 2m(7 = 0, - ^)g-ef= 0; (26) 

dx smx dx smx 

S = -l, i-^ + -^)f + eg = 0, (± - -!^)g - 2mf= 0. (27) 
dx smx dx smx 

Correspondingly, in each case the Pauli radial equation for a big component is 

* = /»«. fl-("-^^^±^-2ern) / = 0; (28) 

dx^ V sm^X / 

d'^q fuiu — cosy) \ , , 

,5 = -l, (7»/, :t4 - -2 ^ - 2em g = ■ 29 



After changing the variable in (p8]) . y = {1 + cosx)/2, eq. ([28|) reads 



y (1 - 2/) + (n - y) 3- + 



dy 



dy 



4 l-y 4 y 



+ 2em 



/ = o. 



Searching solution in the form f = y^ (1 — y)^F, for F we obtain 



+ 



A{A - 1/2) - 1/4K^ - 1) ^ B{B - 1/2) - l/Auju + 1) _ ^ ^ 2em'" 



dy 
F = 0. 



At A, B taken according to 



A = i,/2, {-u + l)/2, B = -u/2, {u + l)/2, 



we get to a hypergeometric equation 



y(l-y)^ + 



2^ + ^-(2^ + 2S + l)y 



dW 

^ - [(A + S)2 - 2em] F = 



with parameters given by 



a 



A + B + V2ern, /3 = A + B - V2em , -f = 2A + ^. 



Bound states are separated by 



A = iy/2, B = {u + l)/2, 



(3 = V + — y/2em = —n , e = + 



{n + u+l/2f 
2m 



To treat eq. (j29p . it suffices to make a formal change v =^ —u, so we arrive ar 



A = -v/2 , {u + l)/2 , B = u/2, i-u + l)/2, 



and further 



2A + --{2A + 2B + l)y 



dP 

^-\iA + Bf - 2eml F = 
dy 



with parameters 



a 



A + B + V2em, (3 = A + B - V2em , 7 = 2A + ^ . 



Bound states are specified by 



/3 = u + ^-V2 



em = —n 



A = {u + l)/2, B = u/2, 
(n + z/ + 1/2)2 



e = + 



2m 
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Corresponding 2-component wave functions with opposite parities are given by 



'jm,5=+l 



smx 



fix) ^-1/2 
fix) ^+1/2 



'jm,S=—l 



smx 



ig ix) D_ii2 
-ig ix) 



Now let us add the Coulomb potential 



6 = +l, i-f + -^)f + 2mg = 0, {-^ - -!^)g - (e + -^)f = ; 
ax smx dx smx tan x 

S = -l, i^ + -^)f + ie+-^)g = 0, (±--!^)g-2mf = 0. 
dx smx tanx dx smx 

Respective Pauli radial equations are 



sin^ X 



-1 , 



dx^ 

d'^g ( viv — cos x) 
dx^ 



s\v? x 



tanx. 



2ma 

2em — 15 = 0. 



tanx. 

Behavior of the function from (]37p near the points x = 0) is characterized by 

iff ■'(■'+1) 



/ = sin^ X , A = l + u , -u ; 



sm X 



X ~ TT = (vr - /3), — ^ 
dX^ 



- 1 



sm X 



/ = sin^(7r-/3) , B = ±ij, l-u, 



(34) 



(35) 
(36) 

(37) 
(38) 



(39) 



and in the case (1381 



9 = sm X • 



X^tt = {tt-(3), —2 



5 = sin^(7r-/3), ^ = 1 + t/ , 



dr 



sin^ X 



5 = 0. 



A = ±u, 1-u ; 
i^ii^ + l) 

5 = 0, 



sin^ X 



(40) 



To simplify the problem (j37p . it is convenient to transform it to a new variable e 



d2 1 d 

+ 



4zy^ 



(iz^ z dz iz^ — 1)^ z(z^ — 1)^ 
Analogously, eq. (p8l) gives 



21/(1 + 2^) 2me + 1 

2zam 



Z2(z2 _ 1) 



/ = o. 



+ 



dz^ z dz iz^ — 1)2 z{z^ — 1)2 2:2 



2iam 



z2 + 1 



]/ = 



(41) 



(42) 



Z2(z2 - 1) 

They can be transformed into each other via the formal replacement =^ —v. It suffices to 
examine one of them. Let us consider eq. (|4ip near the singular points z = ±1, 0: 



9 



z = +l , 

+ 



dz^ dz (z-iy (z-iy 



]/ = 0, f = {z-l)^, A = u + 1, -u; 



d^ d 



dz"^ dz (z + l)2 {z + lf 



]/ = 0, / = (z-l)«, B = v, -u + l- 



z = 



d Id 2me 2iam 



dz"^ ~^ z dz 



+ 



z^ 



f = 0, f^z 



it\/2me— 2iam 



(43) 



It is convenient to translate all the formulas to dimensionless form. To this end, let energy unit 
be h'^/mp'^, where p is a curvature radius, and two relevant dimensionless parameters are {q is an 
electron charge) 



E = e/ 



e = — 2 

p mp'^ 



then instead of (ST]), (HID we have 



1 d 

+ 



2i/(l + z2) 2E 



2ie 



dz'^ z dz (z^ — 1)2 z{z'^ — 1)2 z 
' d'^ Id 4i/2 2u(l + z2) 2E 

dz"^ Z dz — 1)2 2:(z2 — 1)2 



For a time, for brevity let us use 'new' quantities 



z^ + l - 

z2 + l " 
Z2(z2_l) 



/ = o, 
/ = o 



(44) 
(45) 



2v 



v = 2j + 1 , 2E 



E 



2ie 



(46) 



which results 



d2 1 d 
+ 



1^(1 + 2;2) E 



z^ + 1 



dz^ Zdz (^2-1)2 z{z^-iy Z2 z^(z^-l) 



d^ 1 d 



+ 



1/(1 + ^2 



E z2 + 1 

^ — e- 



_dz2 zdz (z2_l)2 2(22-1)2 ^2 z2(^2_l)_ 

In eq. ()47p . let us make all fractions simple ones 



d2 Id lz^(z^-2) e-^ 1 z^(i/ + 2) - 4e 



/ = o, 
/ = o 



_dz2 zdz 4 (z + lf 



z-1 



V 1 u{u + 2) 1 4e - z^(i/ - 2) 
7 ~ 4 (z- 1)2 ^ 4 JTl 



/ = 



(47) 
(48) 



(49) 



With the substitution / = z^{z - l)^{z + l)'^F(z) , eq. (09]) gives 



+ 



2A + 1 2B 2C 

+ T + 



z-l z+l 



— + 

dz 



A^ + e-E - B -l/Au{u + 2) - C - - 2) 



{z-iy^ 



{z + iy 



^BC + B + 2AB + l/A[v{u + 2) - 4e] + 2AC -B- 2AB -u ^ 



z — 1 z 

-C - 2AC -BC + l/4[4e - v{v - 2)] 



z + l 



F = 0. 



At A, B, C taken according to 



+ e-E = id 
B'^ - B + 2) = 

-C- - 2) = 



A = ±VE-e , 

1 1 

B = — u, 1 + - V , 

2 ' 2 ' 

C = —u , 1 V , 

2 ' 2 ' 



eq. (|50j) becomes simpler 



dz^ 



+ 



2A + 1 2B 2C 

+ 7 + 



Z-l Z+l 



dF 

dz 



+ 



C + 2AC -B- 2AB - u ^ BC + B + 2AB + l/4\v{v + 2)- 4e] ^ 



+- 



z-l 

-C - 2AC -BC + l/4[4e - v{v - 2)] 



z + l 



F = 0. 



what is a Hein equation for G{p, q; a, /?, 7, 5; z) 



+ 



d^F 
dz^ 

q 



+ 



+ 



7^ 6 ^a + /3 — S — j + 1 



z z-l 
paf3 



+ 



z — p 
—a/3 + q 



dF 



+ 



pz p{p—l){z—p) {p—l){z — l) 



dz 
F = 0, 



when p = —1: 

'lL^( 1^ + a + /3-5--f + l \dFfq a(3 - q _ a/3 + ^ 

dz^ {z z-l z-p J dz \z 2{z-l) 2(z + l), 

Comparing (j52p with (I54p . one finds expressions for parameters 



p=-l, q=[C-B){l + 2A)-u, 
7 = 2^ + 1 , 6 = 2B; (e = 2C7) ; 



and 



a + /3 = 2A + 2B + 2C , 
af3 = B + C + 2{AB + AC + BC) -2e + /2 , 
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that is 



a = A + B + C- + B^ + C^-B-C + 2e-i^^/2, 

I3 = A + B + C + ^A^ + + - B - C + 2e - . (56) 



Let 



A = +^/^^■, B = l + v/2- C = v/2, (57) 
(positive values for B and C make solutions to be vanishing at the points z = ibl(x = 0, vr), then 
a = l + v + y/E - e - V-E + e , j3 = l + v + \/ E - e + \J E + e , 

or (see (IMD) 



a = 2((j + 1) + V2^ - 2ie - ^/2E^^e , 
/3 = 2(j + 1) + \/2S - 2ie + yj2E + 2ie . (58) 

Let us impose additional constraint (condition of polynomials) 

/3 = -2n (59) 

then a quantization condition arises 

- \/2E - 2ie - \/2E + 2ie = 2{n + j + 1) , 

which after simple manipulation we have arrived at a formula for energy levels 

E = - ,, + (" + ^' + ^)\ (60) 

2(n + j + l)2 2 ^ ' 

It must be noted that the spectrum produced is very similar to that for Schrodinger's particle 

in Coulomb field; besides, when e =, it reduces to the exact formula for energy levels for a free 

particle in the space S^. With the use of (|60|) . one can readily obtain rather simple representation 

for all involved parameters. Indeed, (let N = n + j + 1; below we take the roots with negative real 

parts) 



V2¥^ = + iV^ - 2^e = ^(AT - |)2 = -(AT - |) 



^2E + 2ie = \l-^ + N^ + 2ie = J{N+'-^Y = -{N + ^) . (61) 



Therefore, a, (3 take the form 



a = 2(j + l)-[N-%) + {N + %) = 2(j + 1) + 



N n + j + 1 

IP IP 

/3 = 2(j + 1) - (AT - _) - (iV + _) = -2n . (62) 
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4. Pauli equation for Kepler problem, hyperbolic space 



Let us start with free radial equations (in which the rest energy is separated with the help of 
the formal replacement e =^ e + m, and the approximation e = 2m ~ 2m is used): 



+1 , 
-1 , 



d V 
^d^ ^ sinh /? 
, d 



d 



f + 2mg = 0, (— 



9-ef= 



+ 



df3 sinh /3 
)f + eg = 0, {4s - )g - 2mf= 



dfi sinh /3 ' dp sinh /3 

In each case one gets a radial Pauli equation for a big 2-component: 



<5 = +l , 
<5 = -l , 



f»9, 3^ 
9» f , 



d^f (v{v + diP) 



sinh'^/S 



d^ff _ / t/(;y-ch 13) 
W~ V sinh2/3 



2em j / = ; 
- 2em I 5 = 0. 



Corresponding wave functions for states with different parity are of the form 



sinh /3 



fW) ^-1/2 
fW) ^+1/2 



-iff (/3) -D+1/2 



(63) 
(64) 

(65) 
(66) 

(67) 



sinh /3 

Now let us consider the Coulomb field. It is enough to make a formal replacement in (j63l) . (j6^ 

<5 = +l, + — ^ ) / + 2m5 = , 



d_ 

dp 



V 



-1 , 



sinh P 

V 



9- (e + 



^dp sinh/3 

. d 



f + (e + 



tanh P 
a 



)f= 
)5 = 



tanh P' 
)g - 2mf= 



dp sinh P 

For each value of parity one obtains its differential equation 

d^f f u{u + diP) ^ 2ma \ 

dp^ V smh2/3 tanh/?y'^ ^ 



(fg_ f u{u-c\vP) 
W ~ V sinh^/? 



2ma \ 



(68) 

(69) 

(70) 
(71) 



Let us study eq. (I70p . To simplify the problem it is convenient to transform it to a new variable 
= z. As in the spherical space we will use to dimensionless variables and use the notation: 

2i/ ^ 1/ = 2j + 1 , 2E ^ E , 2e=>e, (72) 

then 

r Id \viv-2) E-e lv{v + 2)+Ae 



dz^ zdz 4 (z + 1)2 ' z'^ '4 2; - 1 
1 z^(zy + 2) 1 4e + i/(z^-2 
~z ~ 4 (z - 1)2 ~ 4 z + 1 



/ = o. 



(73) 



With the substitution f = {z - 1)^ {z + 1)^ F{z), ([73]) gives 



dz^ 



+ 



2.4 + 1 2B 2C 
+ r + 



z-l z+l 



dF 
dz 



+ 



+ 



A^ + E-e B'^-B-l/Av{u + 2) C"^ - C - l/Av{u - 2) 



(z-1)^ 



^BC + B + 2AB + l/4i/(i/ + 2) + e _^ C + 2AC - B- 2AB -u ^ 



z — 1 z 

-C - 2AC -BC -e- l/Av{u - 2) 



z + l 



F = 0. 



At A, B, C taken according to 



A^ + E-e = 



B"^ - B - l/Au{u + 2) = 
C'^ -C -l/Av{v -2) = 



A = ±^/e-E; 

1 1 

B = — V , 1 + - v. 

2 2 

C = — u , 1 v , 

2 ' 2 ' 



eq. ([71]) becomes simpler 



d^ 
dz^ 



+ 



2^ + 1 2B 2C 

+ 7 + 



z-l z+l 



dF 
dz 



+ 



+ 



BC + B + 2AB + l/Av{v + 2) + e ^C + 2AC -B- 2AB -v ^ 



z — I z 

-C - 2AC -BC -e- l/Av{v - 2) 



+ - 



z + l 



F = 0. 



what is a Heun equation for G{p, q; a, /3, 7, 6; z) 



p = -l 



C + 2AC -B- 2AB - v ; 
7 = 2^ + 1 , 5 = 2B, 



and 



that is 



a + l3 = 2A + 2B + 2C; 
a^ = B + C + 2{AB + AC + BC) + ^i/^ + 2e ; 



a = A + B + C- j^B'^ + C'^-B-C- l/2z^2 _ , 
^ = A + B + C + ^B'^ + C'^-B-C- l/2zy2 _ 2e , 



Let 



A = -^f7^; B = l + ^u; C = ^u; 
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the negative value of A ensures vanishing the function at the infinity x — ?• +00. The positive value 
of B ensures vanishing of the function in the origin. Then 



a = l + i^-Ve-E - V-e - E , (3 = l + u-Ve-E + \/-e - E , 
or remembering about (I72p 



a = 2{j + 1) - V2e - 2E - V-2E - 2e , 

j3 = 2{j + 1) - V2e - 2E + y/-2E - 2e . (80) 
Imposing additional constraint (condition for polynomial solutions) 

a = -2n ; (81) 

we obtain 

\/2e - 2E + V-2E - 2e = 2{n + j + 1) , 
which after simple manipulation gives a formula for energy levels 

^ - -2(n+j + l)2 2 • ^^^^ 

With the use of (j82p . one can readily obtain rather simple representation for involved parameters 

a = 2(j + 1) - iV - ^ - iV + ^ = -2n , 
/3 = 2(j + l)-jV-^ + iV-^ = 2(i + l)- (83) 

Author plans to consider relativistic Coulomb problem on the base of the Dirac equation in 
space of constant curvature. Such a problem turns to be much more complicated - it reduces to a 
second order differential equation with 6 singular points. With special mathematical manipulations 
we can reduce the problem to a differential equation with 5 singular points, however it still remains 
very difficult mathematical task. 
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